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We study the spontaneous emission of charged bosons from supercritical Coulomb potentials and
charged black holes. We find the exact emission rate from the Bogoliubov transformation by applying
the tunneling boundary condition on the Jost functions at the asymptotic boundaries. The emission
rate for charged bosons in the supercritical Coulomb potential increases as the charge Zα > 1/2 of
the superatom and the energy of the bosons increase but is suppressed for large angular momenta.
We discuss physical implications of the emission of charged bosons from superatoms and charged
black holes.
PACS numbers: 11.15.Tk, 12.20.Ds, 03.65.-w, 04.70.Dy
I. INTRODUCTION
The spontaneous emission of charged pairs from the
Dirac sea under background electromagnetic fields has
been an interesting topic of constant research since
the seminal works by Sauter, Heisenberg-Euler, and
Schwinger [1–3]. A strong static electric field can lower
the Fermi energy of negative energy, charged particles
of the Dirac sea and open a channel for them to tun-
nel quantum mechanically into unoccupied, positive en-
ergy states and thus create pairs of charged particles as
particle-hole pairs. The electromagnetic interaction of
the intense background field with the virtual pairs in
the Dirac sea makes the vacuum polarized and thereby
the Maxwell action replaced by quantum electrodynam-
ics (QED) action [2–4]. The pair production and vac-
uum polarization is a nonperturbative quantum effect
that cannot be obtained by summing a finite number
of Feynmann diagrams, and has attracted attention in
various areas, such as QED and black hole physics (for
review and references, see [5–7]).
The energy consideration puts a constraint on the effi-
ciency of pair-production mechanism in a constant elec-
tric field. A pair of massm and charge q can be separated
over the Compton wavelength λC = ~c/m and be embod-
ied as a real one before being reannihilated when the elec-
trostatic potential energy between the pair provided is
equal to or greater than the rest mass energy mc2. Thus
the critical strength for pair production is EC = m
2c3/q~
and EC = 1.3×1016V/cm and BC = EC/c = 4.4×1013G
for electron-positron pair. The collision of heavy atoms
may form superatoms (superheavy atoms) temporarily,
whose low energy states can overlap with the Fermi en-
ergy of the Dirac sea, and electron-positron pairs can
form and positrons can be emitted, leaving a charged vac-
uum surrounding the nucleus charge [8, 9] (for review and
references, see also [10]). However, magnetars abound in
the universe, whose magnetic fields are two order of mag-
nitude larger than the critical strength [11].
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Charged Reissner-Nordstro¨m black holes may also gen-
erate supercritical electric fields and the dyadosphere of
charged plasma created by Schwinger mechanism has
been proposed as a possible source for gamma rays bursts
[12, 13] (for review and references, see [7, 14]). The
physical process for charged, astrophysical black holes
has been challenged since the huge ratio between the
gravitational attraction and the electrostatic repulsion
prevents any accretion of charges beyond the critical
strength [15]. Still charged black holes have attracted
theoretical interest owing to Hawking’s thermal radiation
from black holes, and Schwinger mechanism from charged
black holes has also been studied [16–25]. The particle
emission from charged black holes consists of the thermal
radiation and Schwinger emission of charged particles of
the same kind of charge as the black holes. Extremal
and near-extremal charged black holes have the zero and
small Hawking temperature, so they emit no thermal or
exponentially small thermal radiation while the emission
is dominated by Schwinger mechanism. Schwinger mech-
anism of near-extremal charged black holes is the same
as that of a constant electric field in AdS2 × S2 [25].
In this paper we shall study Schwinger mechanism
by supercritical point charges, which is modeled by a
Coulomb potential with large charge Q. This is a toy
model for superatoms and charged black holes in that the
size of nuclei and the black hole geometry will not be con-
sidered. However, at the asymptotically large distances
from the center the electric field behaves Coulomb-like
for a spherical charge distribution and the wave func-
tions may be approximated by those for the Coulomb
field. At the 8th Italian-Korean symposium, with Don N.
Page the author presented Schwinger mechanism from a
charged Reissner-Nordstro¨m black hole via the instanton
action method [24] (see also Ref. [22]). The field equa-
tion for charged particles in a static electric field in the
Minkowski spacetime or a charged black hole geometry
describes a tunneling problem and the proper boundary
condition yields the instanton action for the tunneling
probability for pair production [26–28]. The worldline
instantons may be used for pair production [29, 30]. The
main purpose of this paper is to use the wave functions
in the supercritical Coulomb field, find the Jost functions
2and coefficients and therefrom the Bogoliubov transfor-
mation. The mean number of the charged bosons with
the same charge as the superatom and charged black hole
is exactly found. Physical implications of the emission of
charged bosons are discussed.
The organization of this paper is as follows. In Sec.
II, the instability of the Dirac vacuum is discussed in a
supercritical Coulomb field. In Sec. III, the spontaneous
emission of charged bosons from the superatom is exactly
formulated. In Sec. IV, the spontaneous emission of
charged bosons from a charged black hole is discussed.
II. INSTABILITY OF SUPERCRITICAL
COULOMB FIELD
The Coulomb potential and field of a point-like charge
A0(r) =
Q
r
, E(r) =
Q
r2
, (1)
can have a supercritical field at the Compton distance
λC = 1/m for a particle with mass m and charge q pro-
vided that (in unit of ~ = c = 1)
qQm2 ≥ m2. (2)
In the case of a superatom (superheavy atom) with
charge Q = Ze, the condition for the supercritical field
is [10]
Zα ≥ 1, (3)
where α = e2 is the fine structure constant. Then, the
Coulomb field becomes unstable against the spontaneous
emission of pairs of charge q or e, known as Schwinger
mechanism, and the Dirac vacuum becomes polarized by
the Coulomb field. Quantum phenomena such as the pair
production and vacuum polarization in the supercritical
Coulomb field also require the one-loop QED action. In
this paper we focus only on the Schwinger mechanism.
In scalar QED, a spinless, charged particle with mass
m and charge e satisfies the Klein-Gordon equation in
the Coulomb potential with Q = Ze
[
−
(
i
∂
∂t
− Zα
r
)2
+
1
r2
∂
∂r
(
r2
∂
∂r
)
− L
2
r2
−m2
]
Φ = 0. (4)
Expanding the wave function by spherical harmonics
Φ(r, θ, ϕ) = e−iωtYlm(θ, ϕ)
Ψl(r)
r
, (5)
the radial equation
[ d2
dr2
−
(
ω − Zα
r
)2
+m2 +
l(l + 1)
r2
]
Ψl(r) = 0 (6)
has the solution [24]
Ψl(r) = Ar
l¯+1ei
√
ǫ¯rM(l¯+ 1 + iλ¯, 2l¯ + 2,−2i√ǫ¯r), (7)
FIG. 1: The effective potential V (r) = −(ω−Zα/r)2 +m2+
l(l+1)/r2 for l = 0 and ω = 1 is plotted against Z and r in the
Compton unit (m = 1/λC = 1) in the range of 1/2 ≤ Z ≤ 7/2
and 1/2 ≤ r ≤ 3/2.
where A is a normalization constant and M denotes the
confluent hypergeometric function and
l¯ = −1
2
+ iC, λ¯ =
Zα√
ǫ¯/ω
, (8)
where
C = Zα
√
1−
( l + 12
Zα
)2
, ǫ¯ = ω2 −m2. (9)
The solutions for spin-1/2 fermions may be found in Ref.
[31]
Note that when Zα < 1/2 such that iC < 0, Eq. (7)
has a set of bounded states with discrete energy
ωnl = m
[
1 +
( Zα
n− (l + 12 )− iC
)2]1/2
. (10)
In the supercritical field (3), the charged boson e has
complex energies corresponding to the decaying modes
(5), and the Dirac vacuum becomes unstable against the
emission of charged bosons of the same kind of the su-
peratom. The breakdown of the Dirac vacuum may be
understood from the effective potential, in which the
bounded states go down below the Dirac sea closer to
the nucleus in Compton distances, as shown in Figs. 1
and 2. Thus, charged bosons from the Dirac sea tunnel to
unoccupied bounded states forming the charged vacuum
while antibosons with the same kind of charge as the su-
peratom are electrically repelled to infinity, discharging
of the superatom [8, 9].
III. SPONTANEOUS EMISSION OF BOSONS
FROM COULOMB POTENTIALS
In the supercritical Coulomb field, the wave functions
(7) cannot be normalized as those in a constant elec-
tric field. In the latter case one may use the incoming
3FIG. 2: The effective potential V (r) = −(ω−Zα/r)2 +m2 +
l(l+1)/r2 for l = 1 and ω = 1 is plotted against Z and r in the
Compton unit (m = 1/λC = 1) in the range of 3/2 ≤ Z ≤ 9/2
and 1/2 ≤ r ≤ 3/2.
and outgoing wave functions to describe the tunneling
problem for pair production [24, 26–28]. In this paper
we employ the quantum field theory for tunneling phe-
nomenon formulated in terms of the Jost functions for
the incoming and outgoing wave functions [32].
For that purpose, using the asymptotic form for the
confluent hypergeometric function in the Riemann sheet
−3π/2 ≤ z ≤ −π/2
M(a, b, z)
Γ(b)
=
e−iπa
Γ(b− a)z
−a +
ez
Γ(a)
za−b, (11)
the solution (7) has the asymptotic form at r ≫ 1/√ǫ¯
Ψl(r) = Ar
l¯+1ei
√
ǫ¯r(−2i√ǫ¯r)−(l¯+1)
×
[ Γ(2l¯ + 2)
Γ(l¯ + 1− iλ¯)e
−iπ(l¯+1+iλ¯)(−2i√ǫ¯r)−iλ¯
+
Γ(2l¯+ 2)
Γ(l¯+ 1+ iλ¯)
(−2i√ǫ¯r)iλ¯e−2i
√
ǫ¯r
]
. (12)
The first and the second terms in the square bracket de-
scribe the outgoing and the incoming waves, respectively.
In Ref. [32] the Jost functions
g(z,K) = C1(K)f(z,−K) + C2(K)f(z,K),
g(z,−K) = C(−K)f(z,K) + C2(−K)f(z,−K),(13)
relate the incoming wave g(z,K) and the outgoing wave
g(z,−K) at z = −∞ with another incoming wave
f(z,−K) and outgoing wave function f(z,K) at z =∞.
Thus, the Jost coefficients are
C1(−K) = Γ(2l¯+ 2)
Γ(l¯ + 1− iλ¯)e
−iπ(l¯+1+iλ¯)ei
pi
2
(l¯+1+iλ¯),
C2(−K) = Γ(2l¯+ 2)
Γ(l¯ + 1 + iλ¯)
ei
pi
2
(l¯+1−iλ¯), (14)
where K denotes quantum numbers K = (ω, l,m). Then
the Bogoliubov coefficients
µK =
C1(−K)
C∗2 (−K)
, νK =
1
C∗2 (−K)
, (15)
are found to be
µK =
Γ(2l¯ + 2)
Γ(2l¯∗ + 2)
Γ(l¯∗ + 1− iλ¯)
Γ(l¯ + 1− iλ¯) e
−ipi
2
(l¯−l¯∗),
νK =
Γ(l¯∗ + 1− iλ¯)
Γ(2l¯∗ + 2)
ei
pi
2
(l¯∗+1+iλ¯∗). (16)
Finally, the vacuum persistence and pair-production rate
is given by
|µK |2 = coshπ(λ¯− C)
coshπ(λ¯+ C)
e2πC ,
|νK |2 = sinh(2πC)
coshπ(λ¯+ C)
e−π(λ¯−C), (17)
and they satisfy the Bogoliubov relation |µK |2− |νK |2 =
1. Noting that λ¯ > C, the mean number of pairs can be
written as
N¯(ω, l) = |νK |2 = e−2π(λ¯−C) 1 + e
−4πC
1 + e−2π(λ¯+C)
. (18)
The mean number is approximately N¯ ≈ e−2π(λ¯−C) for
low angular momenta l ≪ Zα but N¯ ≈ 2e−2πλ¯ for high
angular momenta l ≈ Zα. The total mean number of
pairs per unit time is the sum of mean number over each
energy and angular momentum
N¯(ω, l) =
∞∑
l=0
(2l+ 1)
∫ ∞
m
dω
2π
N¯(ω, l). (19)
The emission rate of charged bosons of the same kind
of charge as the superatom increases as the charge Zα
and the energy ω, as shown in Figs. 3 and 4. It is sup-
pressed for large angular momenta due to the centrifugal
repulsion but is also favored for large charge and energy
for a given angular momentum, as shown in Fig. 5. Note
that the emission of charged bosons has a threshold for
the charge of the superatom
Zα = eQ ≥ l + 1
2
. (20)
IV. SPONTANEOUS EMISSION FROM
CHARGED BLACK HOLES
In general relativity a charge with a large mass can
form a black hole. A point charge Q with mass M
with the Coulomb potential (1) has the charged Reissner-
Nordstro¨m black hole with the metric (in the geometric
unit ~ = c = G = 1)
ds2 = −∆(r)dt2 + dr
2
∆(r)
+ r2dΩ22, (21)
where in terms of the outer and inner horizons r± =
M ±
√
M2 −Q2
∆(r) =
(
1− r+
r
)(
1− r−
r
)
. (22)
4FIG. 3: The mean number of pairs for l = 0 is plotted against
Z = Zα and ω in unit ofm = 1 in the range of 1/2 ≤ Z ≤ 7/2
and 1 ≤ ω ≤ 10.
FIG. 4: The mean number of pairs for l = 1 is plotted against
Z = Zα and ω in the range of 3/2 ≤ Z ≤ 13/2 and 1 ≤ ω ≤
20.
The spherical harmonics of a charged boson obeys the
radial equation [24]
[ d2
dr2∗
− Vl(r)
]
Ψl(r) = 0, (23)
where the tortoise coordinate is
r∗ = r +
r2+
r+ − r− ln(r − r+)−
r2−
r+ − r− ln(r − r−),(24)
and the effective potential is
Vl(r) = ∆(r)
(
m2 +
l(l+ 1)
r2
+
2M
r3
− 2Q
2
r4
)
−
(
ω − qQ
r
)2
. (25)
The asymptotic form of the effective potential is approx-
imately given by that of the Coulomb potential
Vl(r) ≈ m2 + l
′(l′ + 1)
r2
−
(
ω − qQ
′
r
)2
(26)
FIG. 5: The mean number of pairs for Z = Zα = 11/5 is
plotted against l and ω in the range of 0 ≤ l ≤ 4 and 1 ≤ ω ≤
10.
with the modified charge and angular momenta
Q′ = Q+
m2M
qω
,
l′ =
√(
l +
1
2
)2
+
m2M
ω
(
2qQ+
m2M
ω
)
− 1
2
.(27)
The emission rate of the same kind of charge as the black
hole is
N(ω, l) ≈ sinh 2πC
′
coshπ(C′ + λ¯′)
eπ(C
′−λ¯′). (28)
A few remarks are in order. First, note that
C′ =
√
(qQ′)2 −
(
l′ +
1
2
)2
= C (29)
is an invariant. Second, the emission rate (28) of charged
bosons has the same form as Eqs. (34) and (40) of Ref.
[25] for the extremal black hole with the correspondence
λ¯′ ⇔ a = qQ,
C′ ⇔ b = qQ
√
1−
( l + 12
qQ
)2
− m
2
q2
. (30)
V. CONCLUSION
We have studied the spontaneous emission of charged
bosons from the supercritical Coulomb field of a point
charged superatom with Zα > 1. The supercriti-
cal Coulomb field of a point charge may provide ap-
proximately an analytical toy model for finite super-
atoms formed from collision of heavy atoms and charged
Reissner-Nordstro¨m black holes. The energy of the
bounded states in an undercritical Coulomb field be-
comes complex when Zα is analytically continued over
the critical value Zα = l + 1/2 for angular momentum l
and the bounded states decay and their wave functions
cannot be normalized. The bounded states whose energy
5is lower than the Fermi energy of the Dirac sea can be oc-
cupied by the charged bosons penetrated from the Dirac
sea and form charged vacuum [8, 9].
In this paper we have employed the Jost functions for
the wave functions for the supercritical Coulomb field,
found the Bogoliubov transformation from the tunnel-
ing boundary condition and obtained the exact formula-
tion of the pair-production rate. A superatom discharges
by emitting bosons of the same kind of charge as the
atom. The mean number of emitted bosons increases
as the charge of the superatom or black hole and the
energy of the bosons increases but decreases as the an-
gular momentum increases. The supercritical Coulomb
potential of a point charge may approximately prescribe
the electric potential of a charged Reissner-Nordstro¨m
black hole with a modified charge and angular momenta
in the asymptotic region and results in the emission rate
of bosons from the black hole. Not pursued in this pa-
per is the vacuum polarization due to the supercritical
Coulomb field. The Bogoliubov coefficients in this paper
may be used for finding the one-loop effective action in
the in-out formalism and thereby the vacuum polariza-
tion and the pair production, which will be addressed in
a future publication.
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